In this paper, the existence and the uniqueness of the global generalized solution and the global classical solution for the initial boundary value problem of the generalized cubic double dispersion equation are proved. The nonexistence of global solution for the initial boundary value problem of the generalized cubic double dispersion equation is discussed.
Introduction
In this paper, we study the following initial boundary value problem: We also consider the following equation:
u tt − u xx − au xxtt + bu x 4 = f (u) xx , x ∈ Ω, t > 0, (1.4) with the initial boundary value conditions (1.2), (1.3).
There are several examples of physical problems, which can be formulated as Eq. (1.1). Indeed, in some problems of nonlinear wave propagation in waveguide, the interaction of the waveguides and the external medium and, therefore, the possibility of energy exchange through lateral surfaces of the waveguide cannot be neglected. If the model of interaction between the surface of a nonlinear elastic rod, whose material is hyperelastic (e.g., the Murnaghan material), and a medium, proposed by Winkler or by Pasternak [1] is considered, then the longitudinal displacement u(x, t) of the rod satisfies the following double dispersion equation (DDE): 5) which is obtained by means of the Hamiltonian principle (see [2, 3] (1.6) can be obtained (see [2, 3] ). Here u(x, t) is the longitudinal displacement and is proportional to strain For the classical problem of condensed matter physics of waves in stratified liquid the following equation was obtained in [4] :
whilst wave propagation in a different medium, namely, in a one-dimensional nonlinear elastic solid wave guide, is described in [5] by the DDE with dissipation
where u is the longitudinal strain, a, b, c > 0, f, g = 0 and ε 1 are constants. In [6] , the Boussinesq equation obtained from the Euler equation for surface waves in irrotational motion reads (see [7] )
If we let φ x = w, then the above equation becomes
When one omits O(ε 2 ) and takes ε = 1 in (1.8), Eqs. (1.8) and (1.9) are then the special cases of Eq. (1.1). In [8] , when the nonlinear longitudinal strain solitary waves were studied inside cylindrical elastic rod with microstructure, the related problem was solved by using the pseudocontinuum Cosserat model and the Le Roux continuum model. A procedure was developed for derivation of a governing equation for longitudinal nonlinear strain waves. The equation governing this process is of Boussinesq type, namely, a double dispersive equation 13) which is called the IMBq equation (see [9] ). References [2, 3, 5] have studied the strain solutions of Eq. (1.5), while [10] [11] [12] investigated the traveling wave solutions of Eqs. (1.5), (1.6). In [3, 11] the exact explicit traveling wave solutions to Eqs. (1.8) and (1.9) were obtained, while in [8] , the author gave the solitary wave solution of Eq. (1.10). To our best knowledge, however, there has not been any discussion on global solutions of the initial boundary value problem for Eq. (1.1) in the literature.
In [13] the authors proved that the initial boundary value problem for Eq. (1.13) has a unique global generalized or classical solution. The basic steps of the proof in [13] can be summarized as follows: First, the initial boundary value problem for Eq. (1.13) is reduced to an equivalent integral equation by using Green's function for a boundary value problem of a second-order ordinary differential equation, and then the existence and uniqueness of generalized and classical local solutions to this integral equation is obtained by applying the contraction mapping principle, and finally, the extension of the solution to the whole interval [0, T ] is guaranteed by the extension theorem.
The paper [13] gave the sufficient conditions of the nonexistence of global solution to the initial boundary value problem for Eq. (1.12), too.
The aim of the present paper is to prove that under certain conditions, the problem (1.1)-(1.3) possesses a unique global generalized and classical solutions by using different methods from [13] , and to give sufficient conditions of the nonexistence of global solutions to the problem (1.1)-(1.3). Moreover, as applications of our abstract theorems, we shall prove that the problem (1.6), (1.2), (1.3) has a unique global generalized solution, while the problem (1.5), (1.2), (1.3) does not possess global generalized and classical solutions under certain assumptions.
In order to obtain the global generalized and classical solutions of the problem (1.1)-(1.3), we shall consider the following auxiliary problem:
We first show that there is a smooth global classical solution of the problem (1.14)-(1.16), and then by setting
, we obtain the global existence of the generalized and classical solutions to the problem (1.1)-(1.3). This paper is organized as follows. In Section 2, we prove the existence and uniqueness of global generalized and classical solutions to the problem (1.14)-(1.16). The existence and uniqueness of global generalized and classical solutions of the problem (1.1)-(1.3) are given in Section 3. In Section 4, the nonexistence of global solutions to the problem (1.1)-(1.3) is discussed, and in Section 5 we study the problems (1.6), (1.2), (1.3) and (1.5), (1.2), (1.3). 
Multiplying both sides of (2. 1, 2, . . ., N) . Moreover, the following estimate holds: 6) where and in the sequel C 1 (T ) and C i (T ) (i = 1, 2, . . .) are constants which depend on T , but not on N .
Clearly, Eq. (1.14) is equivalent to the following equation:
Obviously, Eq. (2.4) is equivalent to the following system: 
where · denotes the norm of the space L 2 (Ω). Thus (2.6) follows from (2.9) immediately. Similarly to [14] , we can prove by applying (2.9) and the Leray-Schauder fixed point theorem [15] that the Cauchy problem (2.4), (2.5) has a solution α Ns 1, 2, . . ., N) . The proof is complete. 2 
Lemma 2.2. Suppose that the conditions of Lemma 2.1 hold. If f ∈ C 3 (R), ϕ ∈ H 5 (Ω) and ψ ∈ H 4 (Ω), then, the approximate solution of the problem (1.14)-(1.16) satisfies the following estimate:
Using the integration by parts, the Sobolev imbedding theorem, (2.6) and (2.12), we find that
where · C(Ω) denotes the norm in the space C(Ω).
Similarly to (2.14), we can prove 
Proof. From (2.10), the Sobolev imbedding theorem and the compactness principle, we see that the problem (1.14)-(1.16) has a global generalized solution v ∈ A. The uniqueness of solutions is obvious. The proof is complete. 2 
Lemma 2.3. Suppose that the conditions of Lemma
Proof. Multiplying Eq. (2.4) by −2λ 5 s α Nst (t), summing up for s = 1, 2, . . . , N, integrating by parts and using Gronwall's inequality, we obtain 
3. Global solutions of the problem (1.1)-(1.3) 
Proof. Differentiating (2.1) with respect to x, one gets
Substituting (3.2) into (3.1), (2.2) and (2.3), one obtains 
From (3.6) and the Sobolev imbedding theorem, we find that 
Multiplying Eq. (3.8) by 2u t , integrating over Ω, adding 2 Ω uu t dx to the resulting equation, and integrating by parts, we obtain
which together with Gronwall's inequality yields for some finite time t 0 T 2 , whereT 2 is given by (4.2) .
